A simple set of equations is derived for predicting temperature distributions and radiative energy flow in a two-region semitransparent laminated layer in the limit of zero heat conduction. The composite is heated on its two sides by unequal amounts of incident radiation. The two layers of the composite have different refractive indices, and each material absorbs, emits, and isotropicaily scatters radiation. The interfaces are diffuse, and all interface reflections are included. To illustrate the thermal behavior that is readily calculated from the equations, typical results are given for various optical thicknesses and refractive indices of the layers. Internal reflections have a substantial effect on the temperature distribution and radiative heat flow.
Introduction
The use of ceramic materials for parts or coatings is of interest for high-temperature applications. Some of these materials have reinforcing fibers or are laminated so it is necessary to consider heat transfer in composite regions. The surrounding temperatures are high, which provides substantial radiative heating. Since some of the materials are semitransparent, their temperature distributions depend on the internal radiative heat flow. The refractive index of a semitransparent material can have a considerable effect on its temperature distribution. The refractive index governs the amount of transmission into the interior of the material and affects the internal reflections that occur. Of more significance, the emission within-a material depends on the square of its refractive index; hence internal emission can be many times that for a blackbody radiating into a vacuum. Since radiation exiting through an interface into ávactium cannot èxcéëd that of a blackbody, the amount of internal reflection can be substantial. It redistributes energy within the layer and tends to make the temperature distribution more uniform than for a material with refractive index close to one.
To obtain the general solution for the temperature distribution in a composite semitransparent layer requires solving the integral equations of energy transfer in each region, including heat conduction, and matching temperatures and heat flows at the internal interface. A spectral calculation can be carried out in each significant wavelength band and the total energy flow found by summing over the bands. A numerical solution by computer is required. A simple limiting solution is obtained here that is helpful and informative. The purpose of this paper is to show that in the limit with no heat conduction and for gray layers with refractive indices greater than one, the solution for a composite region can be obtained from information that is already known and results calculated very easily. The effects of surface reflections and isotropic scattering are included. The solution of integral equations is not required. The limiting result can be helpful in initiating iterative computer solutions for a more general analysis and for checking the validity of numerical solutions.
The development here builds on the analysis of Siegel and Spuckler (1992) where it was shown that for radiative equilib-Contributed by the Heat Transfer Division for publication in the JoURNAL OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division April 13, 1992; revision received July 23, 1992. Keywords: Radiation. Associate Technical Editor: R. 0. Buckius. rium in a gray layer with diffuse interfaces, the temperature distribution and radiative heat flux for any index of refraction is obtained very simply from available results for an index of refraction of one. The present paper applies these ideas to a two-layer laminate subjected to external heating on its outer surfaces. Each of the layers emits, absorbs, and isotropically scatters radiation. For simplicity the medium surrounding the laminate has a refractive index of one.
The outer surfaces of the laminate, and the interface between the two layers, are each assumed diffuse. This is probably a reasonable approximation for unpolished materials that are bonded together. Transmitted radiation, or radiation emitted from the interior, is assumed to be diffuse when it reaches the inner surface of an interface. If the index of refraction of the material is greater than that of the surrounding medium, some of the iiiteriial ridiaiionis in angular directions for which there is total internal reflection. This retains energy within the layer and tends to equalize its temperature distribution.
Some of the important early work on calculating heat transfer behavior in semitransparent layers was done by Gardon (1958) who developed an analysis for temperature distributions during heat treating and cooling of glass plates including index of refraction effects. The interfaces were optically smooth, and the specular reflections at the interfaces were computed from the Fresnel reflection relations. A similar application (Fowle et al., 1969) , predicted heating in a window of a reentry vehicle. Recent papers by Rokhsaz and Dougherty (1989) , Ping and Lallemand (1989) , and Crosbie and Shieh (1990) further examined the effects of Fresnel boundary reflections and having a refractive index larger than one. Many analyses of both steady and transient heat transfer in single or multiple plane layers such as Amlin and Korpela (1979) , and Tarshis et al. (1969) , have used diffuse conditions at the interfaces as in the present study. Thomas (1992) set up a solution procedure to include a ceramic interface that is partially specular and diffuse. Ho and Ozisik (1987) carried out a numerical analysis of radiation and conduction in a two-region laminate without including refractive index effects and hence without internal interface reflections.
Analysis
A laminated plane layer is made of two different materials that have thicknesses D1 and D2 as shown in Fig. I limiting case is considered here where the temperature distribution within the composite is dominated by radiation so heat conduction is neglected. Each material has a constant refractive index; it is the effect of the two different n values that is investigated here along with having different optical thicknesses for the layers. The materials provide significant scattering, so the interfaces between the two layers and between each layer and the surrounding air or vacuum (with n = 1) are assumed diffuse. The laminated layer is subjected to diffuse radiation from the surroundings of q°i and q°2 on the two outer boundaries x1 = 0 and x2 = D2 ; for convenience here qr°i > q. Inside each layer there are outgoing and incoming fluxes, q0 and q, at each interior interface. Since scattering is included, the local optical depth in each layer is related to its x coordinate by K = (a + a)x. Using an individual coordinate in each of the two layers facilitates the formulation and solution that follows. The temperature distribution in each layer is governed by an integral equation given by Siegel and Howell (1981) , modified with index of refraction factors as,
The radiative flux is a constant through the entire laminated layer for the present conditions of radiative equilibrium. The relation of flux to temperature distribution in each of the two layers is obtained by evaluating the equation for q for a plane layer from Siegel and Howell (1981) at x 1 = 0 and x2 = 0,
The following dimensionless groups are now defined:
Equations (1) and (2) then transform to (note that within each
It is noted that Eqs. (5) and (6) exp(-x/)d K, = extinction coefficient in r = radiative quantity the complex index of re-1, 2 = layers adjacent to the F(n) = function of refractive in-fraction; i = n -K, hotter and cooler surdex defined in Eq. (iSa) a = Stefan-Boltzmann conroundings; hotter and n = index of refraction stant, W/m2 .K4 cooler surroundings q = heat flux, W/m 2 a = scattering coefficient of = externally incident radia-layer, m Superscripts tion flux, W/m2 p' = reflectivity of interface i = at inside surface of an T = absolute temperature, K for internally incident interface T 1 , T52 = temperatures of surradiation o = at outside surface of an rounding radiating re-= transmissivity of surface interface gions, K for externally incident = dummy variable of inte-x1, x2 = coordinates normal to radiation gration and that 4) (X, lCD) and 4'(KD) are not functions of n. Hence to obtain 4' and 'I' for all n ^ 1 it is necessary to solve Eq. (5)
only once for each 'CD and use each result to determine I' from Eq. (6). Tabulated results for some 4(X, 'CD) and 4'(KD) are available from references such as Heaslet and Warming (1965) and Siegel and Spuckler (1992) . Although solutions for 4, and 'I' are available, the present analysis has not yet provided T( 1 ), T( 2), and q since Eqs.
(3) and (4) contain the outgoing boundary fluxes q0, q0,,, q0 , and q0, . that are unknown. These fluxes must be expressed in terms of known quantities; this is accomplished by looking at the boundary and interface conditions in detail.
At the two outer boundaries the internal fluxes are related to the transmission of external flux and the reflection of internal flux by
At the inside surfaces of the outer boundaries there are the following relations between the radiative flux and the outgoing and incoming fluxes:
Equations (7a) and (8a) are combined to eliminate q ,0 and similarly Eqs. (7b) and (8b) to eliminate q. This yields
By using similar relations at interfaces b and c on either side of the internal interface, the following relations are found between the outgoing fluxes and the radiant flux q being transferred:
The radiant flux q can now be obtained. The q0, from Eq. (9a) and q frOm Eq. (lOa) are sUbstituted into Eq. (4ã). The q0 , is then eliminated by using Eq. (4b), and the q0, is eliminated by using Eq. (9b). The resulting expression is solved for q to yield
As a result of total internalS reflections at interfaces when radiation passes into a medium with a lower refractive index, there are the following relations at the four surfaces of the interfaces:
' '2 T=(l -p)n; rg=(l -p,)( \n2J (13a) By starting the previous algebra with Eq. (4b) rather than Eq. (4a) an alternative expression for q. is found as:
The q,. is the same from expressions (1 3a) and (1 3b 
To use these relations, values of p1 are needed for various refractive indices. The externally incident radiation is diffuse. Although the interfaces are not optically smooth, it is assumed that each bit of roughness acts as a smooth facet so that the reflectivity can be obtained from the Fresnel interface relations for a nonabsorbing dielectric medium. By integrating the reflected energy over all incident directions the relation for p' ( n) is (Siegel and Howell, 1981) , 1 (3n+ 1)(n-1) n2(n 2 -1)2 f l'
In ( 1 6(n+l)2 + (n2 +l)3 \n+1J
This is for radiation passing into a material of higher refractive index where n = h'5 (flh and n are the "higher" and "smaller" n values). When going in the reverse direction from a higher to a smaller n value, the p' is given by (Richmond, 1963) p'(n) = 1 --[1 -F(n)] (n =flh/fls)
The relations in Eq. (15) are for perfect dielectrics, that is, for materials that do not attenuate radiation internally. As discussed by Cox (1965) , in the spectral regions where ceramic materials are semitransparent to radiation the extinction coefficient, 'Ce, in the complex index of refraction is usually not large enough to significantly affect the surface reflectivity. The absorption coefficient, a, in a material is related to K, by a = 41IKe/XO. Since wavelengths X0 for thermal radiation are in the micrometer range, only a small value of 'Ce is required for this relation to yield a large value for a. If the extinction coefficient K, is large enough to influence the interface reflectivity relations, the absorption coefficient will be so large that the radiating layer is essentially opaque unless its thickness is much smaller than the ceramic layers considered here.
The required relations have now been provided to evaluate Eqs. (13) and (14) for the heat flux and temperature distribution in a laminated two-layer region. The equations contain the functions 4'(X, ,D) and 'I'(KD) that are available in the literature as tabulated results for a single layer with n = 1. For a laminated layer, these functions are inserted corresponding to the optical thickness of each sublayer of the composite. It is not 2n 3(n2 +2n-1) 8n4(n4+ 1) --(n2 ± 1)(n -i) +(2 1)(n41)2 (l5 -necessary to solve any integral equations to evaluate the present solution.
A convenient alternative to using the exact numerical solutions for the functions 4' and 'I' in Eqs. (13) and (14) is to use 4' and 'I' available from the diffusion approximation. The accuracy of this approximation is discussed in the next section. The diffusion relations for a plane layer are (Siegel and Howell, 1981 )
When used with Eqs. (13) and (14), Eqs. (16) provide rapid predictions of heat flux and temperature distributions for any optical thicknesses and refractive indices of the sublayersin the laminate.
Results and Discussion
For a plane layer in radiative equilibrium with absorption and isotropic scattering and for n = 1, the 4)(X, lcD) and '(,c) are known functions or can be calculated from Eqs. (5) and (6). These functions are the building blocks required to evaluate the present solution for a two-layer region including refractive index effects and interface reflections. The exact solutions for 4)(X, lcD) and "I'(,c,) obtained by solving Eqs. (5) and (6) were examined in detail by Heaslet and Warming (1965) . The numerical results used here for 4)(X, lcD) and 'I'(KD) (Siegel and Spuckler, 1992) are in excellent agreement with previous work and were carried out to obtain values for a large range of optical thicknesses, 0.1 ^ K ^ 100.
An alternative set of basic functions for 4)(X, lcD) and 'I'(KD), which was found to be accurate for the present conditions and is very simple to implement, is to use the diffusion results in Eqs. (16a, b) . A comparison of exact and diffusion functions is given in Table 1 for various optical thicknesses. The diffusion results are reasonably accurate, but there are some differences when the optical thickness is small. Results for two-layer laminated regions were calculated from the present analysis using both exact and diffusion functions for the required 4)(X, ,c,) and '('cD). There was little difference in the results for the laminate, so for convenience the diffusion functions were used for evaluating the illustrative results presented here. For simplicity and sufficient accuracy the diffusion functions are recommended for temperature distribution and heat flux calculations using the analytical Eqs. (13) and (14).
The diffusion functions also have an advantage in the theory used for developing the present equations for two layers where the interfaces are assumed diffuse. Since in the diffusion approximation the radiation is everywhere diffuse, there is no discontinuity in radiative behavior when energy crosses a diffuse inter fac. In the exact solution for a single plane layer the diffuse energy leaving an internal boundary is no longer diffuse after it travels across the layer. The radiative energy passing across from one layer into another thus undergoes a change in its angular distribution when crossing a diffuse interface between the two regions. This can have a small effect on the temperatures adjacent to the internal interface. This effect is not present when using the diffusion functions for 4) and oJ
For the graphic results shown here, 4'(X, lcD) and '4'(,cD) were obtained from Eqs. (16), but exact results such as those in Table 1 could have been used. The '1's and "2 were substituted into Eq. (1 3a) to obtain the dimensionless radiative flux through the two layers; the heat flux was checked by evaluating the alternative Eq. (l3b). The dimensionless flux was substituted into Eqs. (14a, b) to obtain dimensionless temperature dis- tributions in each layer. The values of the interface reflectivities were evaluated from Eqs. (iSa) and (15b) depending on whether radiation is passing into a region of higher or lower refractive index. The reflectivity values at the four surfaces in Fig. 1 are given in Table 2 for the combinations of n 1 and n2 values used in Figs. 2-5 . In the results that follow, the temperature distributions are plotted against a continuous X coordinate where X = X1 in layer 1 and X = 1 + X2 in layer 2; thus 0 X ^ 2.
Reciprocal Behavior of Dimensionless Temperatures. Figure 2 illustrates a reciprocal behavior for the temperature results. Compared to Fig. 2(a) , both the n values and the optical thicknesses of the two layers have been interchanged in Fig. 2(b) . It is noted that rotating Fig. 2(a) 180 deg gives dimensionless temperature distributions that are the same as in Fig. 2(b) . It was also found that the radiative heat flux through the laminate does not depend on the order of placement of the two layers relative to the side with larger incident radiation.
Effect of Optical Thickness. Figure 2(a) also illustrates the effect of the optical thicknesses of the two layers. The solid and dashed profiles are respectively for optical thicknesses of the first layer of ICDI = 1 and 10. The families of curves correspond to optical thicknesses in the second layer of icr = 0.1, 1, 3, 10, 30, and 100. As optical thickness increases, the tion n, = 1.5 and n2 = 3, two optical thicknesses in layer 1, and six optical thicknesses in layer 2 (values reversed in Fig. 2(L) resistance to radiative heat flow increases so the temperature gradients in the second layer increase. For "m 0.1 the second layer is optically thin and its temperature distribution is essentially uniform. For sc1 = 100, however, there is a steep gradient in the second layer. When K01 = 10 the large temperature changes in the first layer cause the temperatures in the second layer to be lower than those for iCDI = 1. The dimensionless radiative heat fluxes are given in Table 3 and they illustrate how the heat flux decreases with increasing optical thickness.
Effect of Magnitude of Refractive Index. The effect of the size of the refractive indices n 1 and n2 is illustrated in Figs.  2(a), 3 (a, b) , which form a set of three arrays of temperature distributions. The optical thicknesses are as described in the previous section. The ratio of n2/n1 is kept equal to 2 for these three sets of profiles, but the refractive indices increase by factors of 1:1.5:2 in the order of Figs. 3(a) , 2(a), and 3(b). Larger refractive indices increase the amount of internal re-
Dimensionless coordinate, X Fig. 3 (b) Indices of refraction: n, = 2 and n2 = 4 Fig. 3 Effect of magnitude of index of refraction on dimensionless temperature distributions in layers as a function of optical thicknesses; ratio n2!n1 = 2 flection at the two outer interfaces as a result of total reflection when radiation is leaving a material with a higher refractive index. This tends to equalize the temperature distributions within the layers as the n values increase. The reflections at the interface between the layers remain the same because n2/n 1 is constant.
For K01 = I, increasing the refractive index provides de-Eeased temperatures in the first layer. An increased amount of the incident radiant energy is reflected away at the first interface and does not heat the laminate. Internal reflections increase energy absorption within the laminated region, thereby increasing the average temperature level in the second layer.
Effect of Order of Refractive Indices in Heat Flow Direc-
tion. In Fig. 4 the K0 values are the same as in Fig. 3. The n values, however, are interchanged so the largest refractive index is now adjacent to the environment that provides the largest incident radiation. This changes the amount of totally reflected energy within the layers as compared with Fig. 3 . Since total internal reflection is increased in the first layer and 0.8 decreased in the second, the temperatures become more uniform in the first layer and have steeper gradients in the second. The temperature profiles in the first layer are not as close together as on Fig. 3 . Fig. 5 the refractive index in the first layer is retained at n 1 = 1. In the second layer the values are: n2 = 1, 1.5, 2, and 3. The optical thicknesses in the two layers are equal. Three families of curves are shown for 1(01 = = 0.2, 2, 20. Hence the solid curves for each layer are optically thin, the dashed curves are for an intermediate optical thickness, and the short dashed curves are for a rather thick region.
Effect of Changing Refractive Index in One Layer. For all the distributions in
Consider the solid profiles for 1D1 = = 0.2. When a = 1 there are no interface reflections and a continuous temperature profile is obtained through the laminated region. For a2 > 1 the profiles become discontinuous at the internal interface, and as a2 becomes larger the discontinuity increases. For lCDl = 0.2, an increased a 2 raises the temperatures in the first layer and makes the temperatures more uniform in the second layer. For the short dashed curves with 1( D1 = K02 = 20, there is a different effect. As a2 increases, the temperatures in the first layer are reduced, while the temperatures in the second layer become more uniform as before. For an intermediate optical thickness, Di = 1(D2 = 2, there is a small decrease in temperatures in the first layer as a 2 is increased, and then with a further increase in a 2 the temperatures increase. The radiative heat fluxes in Table 3 show a similar reversal in trend when going from an optically thin to an optically thick layer.
Conclusions
A convenient solution was obtained for temperature distributions and radiative heat fluxes in a laminated two-layer region with radiative energy incident on each outer boundary. The interfaces are assumed diffuse with the intent of modeling interface reflections of a ceramic material. The limiting case considered here is for a two-layer laminate in radiative equilibrium (no heat conduction) that emits, absorbs, and isotropically scatters radiation. The solution yields results for two laminated layers by using known dimensionless temperature and heat flux functions for a single semitransparent radiating layer with n = 1. These functions are combined through the coupling at the interfaces to yield the solution for a two-layer laminated region with n > 1. The coupling relations include transmission through the interfaces and all internal reflections within the layers. The result is a set of simple algebraic expressions for the temperature distribution in each of the layers, and for the radiative heat flux through the laminated region. Results were evaluated using the basic functions for a single layer obtained by both exact and diffusion methods. Unless the optical thickness is much smaller than one, the diffusion results are within engineering accuracy, and they provide an especially simple way to compute results for two layers.
Illustrative results are given for a variety of refractive indices and optical thicknesses of the layers. A reciprocity relation was found for the temperature distributions. If the order of the refractive indices of the layers is reversed as well as their optical thicknesses, the temperature distributions become inverted mirror images. It was found that increasing the refractive index in each layer, while keeping their ratio constant, generally makes the temperature profiles more uniform as the result of increased internal reflections. When the refractive index of the second layer is increased, and the first is kept unchanged, the temperatures in the layers can either increase or decrease depending on the layer optical thicknesses.
